400  Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions

In x

109. f(x) = -

—Inx

@ £ =1

= 0O whenx = e.

On (0, e), f(x) > 0 = fis increasing.
On (e, o), f(x) < 0 = fis decreasing.
(b) Fore £ A < B, we have:

A InB
A B
BInA >AInB
InA% > In BA
AB > BA,

(¢) Since e < 7, from part (b) we have e™ > 7*.

Section 5.5 Bases Other than e and Applications

L log,§ = log, 272 = -3 2. log,, 9 = log,; 27%/3 =3
I
4. log, = log,1 — log,a = —1 5. (a) 22=8
log,8 =3
1
-1 =
() 3 :
1
log, i -1
7. (a) log,,0.01 = —2 8. (a) logs 5 = —2
102 = 0.01 3r2=j
(b) logys8 = -3 (b) 491/2=7
0.572 =38 10g7 = 3
3)7=8
10. (a) log, & = X ) 11. (a) logyx = —1
4 =g ' 3t=x
x==—3 . X= %
(b) logs25 = x © (b) log,x = —4
5 =25 274 =x
x=2 x=1%

3. log;1=0
6. (a) 27%° =
2
logn9 =3
(b) 164 =8
3
log,s 8 = 2

9. (a) log,;, 1000 = x
10* = 1000
x=13
(b) log,, 0.1 = x
100 = 0.1

x=—1

12. (a) log, 27 =3
b =27
b=3
(b) log, 125 =3
b =125
b=5
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13. (a) x* — x = logs 25 (b) 3x + 5 = log, 64
x2—x=logs5* =2 Ix+5=1log,2°=6

P 0 3 =

(x+1x—2)=0
x=—10Rx=2

—

ek

14. (a) logyx + logy(x — 2) = | (b) log,o(x + 3) = log,px = 1
logy[x(x — 2)] =1

x+3
log,, s 1
x{x—2) =31
P =2-3=0 3o
+1)(x—3)=0
& o ) x+3=10x
x=—10Rx=3
3=%
x = 3 is the only solution since the domain of the i
logarithmic function is the set of all positive real x==
numbers. 3
15, y = % 16. y = 3~ 17. y = (%)‘ i
x |=2|-1|0]1]2 x| =1]0]1|2]3 w3~ TaTaTa
1 1 1 1
Yy | s s |1]13]9 Y| s [3]|1]3]9 y | o3 [1]t]s
> ¥ .
44 12
10
Ml
3
T 6
4
_-./ ' ' 2
- I i o e
2 -1 | 1 2 3 4

18. y = 2¢ 19. h(x) = 52 20. y=3M
X -2 | =1 0] 1 2 x — 0 1 23 x 0 | £T |2
y|[16 |2 |1]2]16 y |m | % |d]|1]s y 1| % |3




402  Chapter 5  Logarithmic, Exponential, and Other Transcendental Functions

21. g(x) = 6(2' %) — 25 22. f (1) = 300(1.0075'%) — 735.41
Zero: x = —1.059 Zero: 1= 10
30 10
\/ (~1.059, 0)
" ¥ i ” (10,0) 5
P |
- 30 =10
23. h(s) = 32logo(s — 2) + 15 24. g(x) = 1 = 2log, [x(x — 3)]
Zero: s = 2.340

Zeros: x = —0.826, 3.826

40 s

/ N (-o,szﬁ.ry \ !
4 i | (826,00

( (2.340, 0)

25. flx) = 4

glx) = log, x o) | + :; 1

= =
B2 =
B
oL -
.\l )
oy
k.1

8 (‘r) =i sy 0 % 1 -1 N / 2 3
26. flx) = 3* x | -2 -1]o0ofl1]2 :
8(x) = logy x @ 2| 3 |2]3|9 i
o
x 3 L1139 T 8
gl [ =2 |—1 |0|1]|2 3 EI T T
34
27. j\- xl1l2]s (a) y is an exponential function of x: False
ar y o] 1]3 (b) yis a logarithmic function of x: True; y = log, x
& ek (c) xis an exponential function of y: True, 2" = x
, (d) yis a linear function of x: False
I+ o2, 1)
(1,0) )
I TR S T
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50

51.

52.

53.

54,

55.

56.

. flx) = &
@) flu +v) =a"** = a"a" = f(u) f(v)

C(1) = P(1.05)
(a) C(10) = 24.95(1.05)'°
=$40.64
V(t) = 20,000(%}
(a) 1;
200000 -
16,000 4
12,000 +
80000 4=
4,000 4
=4 o
32
V(2) = 20,000(5) = $11,250
P =$1000, r = 33% = 0.035, ¢ = 10
A= 1000( 1+ 0'035)'0"
n
A = 1000¢0035)00) = 141907
P = $2500, r = 6% = 0.06, t = 20
20n
A= 2500( I 4 @)
n
A = 250000920 = 8300.29
P =$1000, r = 5% = 0.05, t = 30
30n
A= 1000( 1+ 9@)
n
A = 100000530 = 4481 69
P = $2500, r = 5% = 0.05, t = 40

Ot
A= 2500(1 + @)4

n

A = 2500¢005)40) = |8 472 64

®) f(2x) = a* =

®) % = P(in 1.05)(1.05)"

Whent = 1: ‘L—? = (.051P

(@) = [f()]

@ % = (in 1.05)[P(1.05)]
= (In 1.05)C(r)

The constant of proportionality

is In 1.05.
When t = 8: #C = (0.072P
dt
av _ 3\(3
(b) e ZD,OOO(In 4)(4) (c) V}ly

When t = 1: (;—:/* —4315.23

When ¢t = 4; 4 = —1820.49
dt

Horizontal asymptote: v’ = 0

As the car ages, it is worth
less each year and depreciates
less each year, but the value of
the car will never reach $0.

n 1 2 4 12 365 Continuous
A 1410.60 | 1414.78 | 1416.91 | 1418.34 | 1419.04 1419.07
1 2 4 12 365 | Continuous
A 8017.84 | B155.09 | 8226.66 | 8275.51 | 8299.47 8300.29
_
n 1 2 4 12 365 Continuous
A 4321.94 | 4399.79 | 444021 | 4467.74 | 4481.23 4481.69
1 2 4 12 365 Continuous
A 17,599.97 | 18,023.92 | 18,245.05 | 18,396.04 18,470.11 18,472.64
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57. 100,000 = Pe%9% = P = 100,000e-9%" | ¢ 1 10 20 30 40 50
P | 95,122.94 | 60,653.07 | 36,787.94 | 22,313.02 | 13,583.53 | 8208.50
58. 100,000 = PP — P = 100,000~ 006 t 1 10 20 30 40 50
P | 94,176.45 | 54,881.16 | 30,119.42 | 16,529.89 | 9071.80 | 4978.71
12 —12¢
59. 100,000 = P(l + Qg) ‘= p= 100.000(1 + Qi%é)
t 1 10 20 30 40 50
P | 95,132.82 | 60,716.10 | 36,864.45 | 22,382.66 | 13,589.88 | 8251.24
0.07\365¢ 0.07\~365t
60. 100,000 = P(l +“3T§§) = P= 100.000(1 + 365)
t 1 10 20 30 40 50
P | 93,240.01 | 49,661.86 | 24,663.01 | 12,248.11 | 6082.64 | 3020.75
0.06\(365)(8)
61. (a) A = 20,000(1 + E‘) =~ $32,320.21 62. Let P = $100, 0 < r < 20.
= 0.03
(b) A = $30,000 i 7 A= 100"
A(20) =~ 18221 "Z ——
0.06\(365)(8) 0.06\(365)4) A =100
() A= 8000(1 i+ 3_65‘) 20,000(] 4 365) b) A = 100095 A= 100009
~ $12,928.09 + 25,424.48 = $38,352.57 AQ20)~27183  °G “
(c) A = 100006

d A= 9000[(1 + %)“‘”Hﬁ) (

0_06)(365)'[4) i 1]
365

= A(20) = 332.01

=~ $34,985.11
Take option (c).
63. (a) lim 6.7e—4810/1 = 6,76 = 6.7 million ft3 64. (a) lim & =0.83 = 83%
' t—oe . ’ . nowx 1 + e 02 "
(b) V= 32‘2-27 g_(.u“)ﬂ (b) pr= 0.1663"12;;
(1 + e 02n)2

V’(20) = 0.073 million ft*/yr
V(60) = 0.040 million ft*/yr

P’(3) = 0.038
P’(10) = 0.017




17.

1
- N
Y 2
§ = L.p3
2
10 = 57

105 = »

21. Since the intial quantity is 10 grams, y = 10ln(!/2/1620k When t = 1000, y = 10¢lin(1/2)/16201000) ~ 6 52 orams, When
1= 10,000, y = 10elin(1/2)/1620(10.000) ~ () 14 gram.

22. Since y = Cell"(//2/1620k | we have 1.5 = Celin(1/2)/162001000. — € ~ 230 which implies that the intitial quantity is 2.30

grams. When ¢ = 10,000, we have y = 2.30¢ln(1/2)/1620(10.000) ~ (03 gram.

23. Since y = Celn(1/2/5730k, we have 2.0 = Celln(1/2)/57301100000 —s € =~ 6.70 which implies that the initial quantity is 6.70
grams. When 1 = 1000, we have y = 6.70¢['n(1/2)/573011000) ~ 5 94 grams.

24. Since the initial quantity is 3.0 grams, we have y = 3.0eln(1/2/5730k When ¢ = 1000, y = 3.0!(1/2)/57301(1000) ~ 2 66 grams.

When ¢ = 10,000, y = 3.0ln(1/2)/5730110.000) ~ (89 gram.

25. Since y = Celin(1/2/24360k, we have 2.1 = Celin(1/2/24.360000) — € = 216, Thus, the initial quantity is 2.16 grams. When
1= 10,000, y = 2.16¢[!n(1/2)/24,360J1000) =~ | 63 grams.

26. Since y = Celln(1/2/24360k, e have 0.4 = Celin(1/2)/2436010.0000 — € = (.53 which implies that the initial quantity is 0.53
gram. When 1 = 1000, we have y = 0.53li(1/2)/24.360J(1000) () 52 gram,

27. Since% =ky, y = Cefory = yye~. 28. Sincc% =ky, y = Cetory = y,et.
! 1620k L =y esT30k
2% = Yot Yo = Yof
_ —In2 - In2

k=T60 k="570

= ‘,Ue—l'ln 20t /1620 L 2 : 0.15y, = y,e!~In2/5730)
When 1 = 100, y = y,e”n2/162 = y (0.9581). B = _(In2)
Therefore, 95.81% of the present amount still exists. R 5730

15
t= ~210:5 015 = 15,682.8 years.

In2
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29. Since A = 1000e%%, the time to double is given by
2000 = 1000e°%" and we have

2= el].()ﬁr
In2 = 0.06¢
In 2

= 006~ 11.55 years.

Amount after 10 years: A = 10002000010 ~ $1822 12

31. Since A = 750e™ and A = 1500 when ¢ = 7.75, we have
the following.

1500 = 750775

g
I

r= = (.0894 = 8.94%

TS
Amount after 10 years: A = 750£00894010) =~ $1833 67

33. Since A = 500e" and A = 1292.85 when 1 = 10, we
have the following.

1292.85 = 500e'%"

e 1n(1292.85/500)

10 = 0.0950 = 9.50%
The time to double is given by

1000 = 5000950t
In2

t= 0.095 = 7.30 years.
: (12)(20)
35. 500,000 = P(I + %) i
P= 500,000(1 + M)_m
12
= $112,087.09

37. (a) 2000 = 1000(1 + 0.07)

2=1.07
In2 =1tIn1.07
In2
Ly cAyeas
12¢
(b) 2000 = 10'00(1 + %)
0.007\"*
2= (14297
_ 007
In2 = 12![!&(1 ] 2 )
r= ng =~ 9.93 years

121n(1 + (0.07/12))

30.

32.

Since A = 20,000¢%9%%, the time to double is given by
40,000 = 20,000e%95% and we have
2= 80,0551'
In2 = 0.055¢
In2
t= 0.055 = 12.6 years.

Amount after 10 years: A = 20,000¢©059(19 ~ $34 665.06

Since A = 10,000¢™ and A = 20,000 when ¢ = 5, we have
the following.

20,000 = 10,000e%"

r= l—n-sg = 0.1386 = 13.86%

Amount after 10 years: A = 10,000¢l(n 2/5110) = $40,000

. Since A = 2000e" and A = 5436.56 when t = 10, we

have the following.

5436.56 = 2000e'%

, _ In(5436.56/2000) _

10 0.10 = 10%

The time to double is given by

4000 = 2000010
_n2 _
t= 0.10 6.93 years.
(12)(40)
. 500,000 = P(l + %)

P = 500,000(1.005) % = $45,631.04

0.07)\365
(c) 2000 = 1000(1 + E)
0.07\365¢
=1+ —
2 (1 365)
0.07
= o —
In2 365:ln(1 365)
In2

t = 9.90 years

~ 3651In(1 + (0.07/365))
(d) 2000 = 1000e0:07x

2.= 6,O,I]'J'J'
In2 = 0.07¢
t= A = 9.90 years

0.07
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52. (a) R = 572.85(1.05766)" = 572.85¢0-056¢
I=—51.23 + 10048 Int¢
(b) 1500

|

o 16
(1]

Rate of growth = R'(1) = 32.1£0036

1
53. p(I) = 1010gmg, Iy =1071¢

=14

(a) B(10~14) = lO[ogm% = 20 decibels

=0

(b) B(107%) = w]ogm% = 70 decibels

I
54. 93 = 10log,o 157 = 10(log,o! + 16)
—6.7 = log,, [ = I=10"%7
i
80 = 10 log,y 7576 = 10(log,o I + 16)

—8 = log, ! = I=107%

10-67 — 10-8

Percentage decrease: ( 10-67

56. Since% = k(y — 90),

1
AV

In(y — 90) = kt + C.

When t = 0,y = 1500. Thus, C = In 1410. When ¢ = 1,

y = 1120. Thus,
k(1) = In 1030 — In 1410
103
k=In 1

Thus, y = e[ln(i(l_’.fld!}r+ln 1410] 4 90

2= ]4]0€[]n(103/ldl)]r + 90,

When t = 5, y = 1410¢%n(103/141) 4 9() = 383.298°,

)(100) ~ 95%

55;

57.

(c) =0

o

@ PO =

1

-65

(c) B(107%%) = lOlogm}l?}fm = 95 decibels

-4

(@) B(1074) = 10 log g~

T0-16 = 120 decibels
Inf—=20
R= — LRINI0 —
n1o ' ¢ Ig*
Inf—0
83 =
(@ In 10
I = 1083 = 199,526,231.5
In/—0
b) 2R =
®) In 10
[ = ¢R10 = GRINI0 = (LRINIO)2 — (JQR)2
Increases by a factor of ¢2R1n 10 or 108,
dR 1
© % = Thio
. dy B
Since BT k(y — 20),

1
Jy = 2Oafy = jkdf

In(y — 20) = kt + C
y = Cet + 20.
When ¢ = 0, y = 72. Therefore, C = 52.

When ¢ = 1,y = 48. Therefore, 48 = 52¢* + 20,
et = (28/52) = (7/13), and k = In(7/13). Thus,
y = 527/13)) 4 20,

When t = 5,y = 52¢°07/13) 4+ 20 = 22.35°,





