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Section 2.5  Implicit Differentiation

1. 2+y=16

@+ 2yy'=0
v Sk
y' = —
3. x4 yi2=9

%X—I/Z + %),—uz}u =

x—1/2
y'= - — =
J y 1/2

=

5. Poxyt+y=4
3 —xy'—y+2'=0
(2y — x)y’ =y — 322

.
y'==—
=%

7 By =y =0
3y + 313 -y —1=0
(B3x%2 — 1)y’ =1 — 3233

. 1 — 3x%°
332 — 1

9. X3 = 2«‘2}’ & 3)."\'2 = 38
3x? = 2%y — dxy + 6xyy’ + 3y2 =0
2x(3y — x)y’ = 4xy — 3x2 — 3y?

5

y 2x(3y — x)

11. sinx + 2cos 2y = 1

cos x — 4(sin2y)y" = 0

L, _cosx
4 sin 2y

,_ 4xy — 3x? — 3y?

4. B+ =38

32+ Wy’ =0

o
|
|
.l'ﬂ
B | ko

L]

6. 2y +y= -2
'+ 2y +y 4+ 2xy' =0
(& + 2y)y” = — (7 + 2xy)

Lo+ 2g
x(x + 2y)

8. o) —x+2y=0

%{X)‘)“”(xy’ Ty =1 +2=0

x y
y == 1427=0
2V 2V ’
'y —2xy + 43y =0
yoo 2D =y
’ 4 xy + x
10. 2sinxcosy = |

1]

2[sin x(—sin y)y’ + cos y(cos x)] = 0

7 COS X COS ¥

S e "
: sin x sin y
= cotxcoty
12. (sin wx + cos wy)? = 2

2sin wx + cosay)[m cos wx — w(sinwy)y’] = 0
 cos wx — wsinwy)y =0

. _ COS 7T
sin ry
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13. sinx = x(1 + tany)
cos x = x(sec?y)y’ + (1 + tany)(1)

_cosx —tany — 1
xsecly

’

15. y = sin(xy)
y' =[xy’ + y] cos(xy)
y" = xcos(xy)y’ = y cos(xy)
,_ _ ycos(xy)

1 — xcos(xy)
17. xy=4
xy' +y(1)=0
xy' ==y
P
y X

1
At(=4,-1): y'=—7

2—=9
-
LS x+9
gy = 2 H ) — (2 — 92w
y e 18x
Y T @9y

At (3,0): y’is undefined.

21. X3+ yi=5
2 . 2. 5
-?—,x 1/3 4 gy 1,’3), =0 .
e _.x—‘ﬁ e | l
Y T A N %

At(8,1): y' = —%.

14.

16.

18.

22.

coty=x—1%
(—csc?yly’=1-y’
1

’

Y T 1 - esc?y
1
= — = —t 2
—cot?y e

x = sec—

! 1
1 = —}—zsecltan—

y Y Y

y'= Wf'}_))gm = —y? cos(i)cm(%)

xx=y=0
2x—3yy’'=0
oz
p. 3),2
At(1,1): y'= -2'
3
(x+yP=x+y

B4y +32+ =3+
3%y + 302 =0
i xty +xy?=0
xi_$"+2xy+2w’+y2=0
(2 + 2g)y" = = (* + 2x)

’ Wy + %)
W=
x(x + 2y)

At(—1,1): y'=—1.

L+y—2y=0
3+ 3y —2xy'—2y=0
(3y2 — 2x)y’ = 2y — 327

, 2y —3x*
Y=
Yy

At(1,1): y'=—1.
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23, tan(x + y) = x

(1+y)seck(x +y) =1
s 1= sec(x + y)
sec(x + y)

—tan®(x + y)
tan®*(x +y) + 1

Il

N -
TR+
At (0,0): y'= 0.
2s. i+ Sy=3
|
21 +2) ¥ 0
oo (22 Jy
(1/2)y~172 Vx
R
At(4,1): y' = 5
Tangent line:
—-1= *-]—(x — 4)
Y 2
-y
y=—5x
x+2y—6=0
5
kit
@, 1)
_2 _\7
=1
27. (2 +4)y =8
(2 +4)y" +y20) =0
!= ‘_zle
A
_ Z28/(x + 4)]
x>+ 4
—16x
(x* + 4)?
gl 1
At(2,1): y'= -3

(Or. you could just solve for y: y = = f_ 4)

24, xcosy =1
A—y’siny] + cosy =0

,_ Cosy
xsiny
1 coty
=—coty = —=
¥ 4

:x—l
26. Y 2+

s @411 = (x - 1)(29)
= 2+ 17

R+l =22+ %

@+
L1+
S e

Al(zﬁ)- __1+4-4 _ 1
5 ) T A e T 1005
Tangent line:

_M5_ 1
R T

10/5y — 10 =x — 2
x—10/5y +8=0

(x-12)

g
= = 5
Ko
28. @4 —-xpyt=x
@4 = 2)2yy) +)X(~1) = 32
b Sxit oyl
M —
At(2,2): y' =2
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29. (x% + y?)? = dx%y 30. S+yY—6ry=0
2(x% + y?)(2x + 2yy) = dx?y’ + y(8x) 3x2 + 3y%y’ — 6xy’ — 6y = 0
453 + 4xtyy’ + 4xy? + 4y3y' = 4xPy’ + Bxy y'(3y* — 6x) = 6y — 3x2
Axtyy’ + dy’y’ — Ax’y’ = 8xy — 4% — 4xy? L =3 -2
Y T3 e -
4y +y —2) =42y - 2 — x?)
4 8 (16/3) — (16/9)- 32 4
292 = a(33) y=UeR-CoB) 2 _4
- F= 33/ Y T (64/9 —(8/3) 40 5
At(1,1): y'=0.
3. (a) X2 +y* =16 (b)
y =16 — »*
y=x16 — x?

(c) Explicitly:

D 4216 - )3~

dx
-+ =% =X .
. ./lgx— ST T a Ty (d) Implicitly:
2x+2yy’'=10
, X
y = e

32.(a) (P —4dx+4)+ (P +6y+9=-9+4+9
(x — 2)2 + (y + 3)2 = 4 (Circle)
y+32=4—(x—2)
y=-3+/4— (x - 2

(c) Explicitly:

D 2da- - (-2 - 2)

__ xx—-2) (d) Implicitly:
4= E=2f 242y —4+6y'=0
= ﬁf% 2y +6)y' = —-2(x—2)
—(x-2) e SR )
T 3:A-G-2P+3 y+3
) -

y+3
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33. (a) 16y* = 144 — 9x? (c) Explicitly:

1 9 dy 3
2 = == ) = — 2 —_ = 4 — —1/2f _ 94
y —-{]6 144 — 9x?) 16(]6 ) 18(16 )12 —2x)
y= i%\/lﬁ -2 3 =

Tt =2 4(4/3)y ~ 16y

(b) ¥ (d) Implicitly:
18x + 32yy’ = 0
o 2K
) 16y
o
M. (@ y=1+ § = x~4 - (c) Explicitly:
dy 1
Y2y g2
y= :t‘;‘ ¥ 4+ 4 dx 4{’: 4} (2x)
+x
®) : ENCEY
W= -

T/ E A 4y

(d) Implicitly:

/2-_, o ; 1 B

35. Y= 5

2+x.yn+yr+yl

I
o

"= =21 +y"
s Z2A1— x+y)/x] _ 2(x +y)
F= % =T g

a_2xty x_10
IR X3

tut

X
X

(Note: You could write y = (5 — x?)/x and calculate y and y” directly.)
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36. B9y =13
Uy’ + 202 —2=0
2y’ +xr—1=0

2

J:l_:Q
y xzy

2oy’ + 2y + Pyt 2y + P =0
dxyy’ + X2y + 2y + 2 =0

P .
R xzxzy + xty"+y2 =0

Axy? — 42yt + 1 — 2% + 233+ axtyy =0
xyly” =2yt - 2 —

20— 202 — 1
yo= z“y:’

37. 2 —-yr=16 B 1-xy=x—y

4x2
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41. x> +y* =125

At (4,3): .

// (4,3)
-9 9

Tangent line: y — 3 = _74&— 4)=4x+3y—25=0

3
Normal line: y — 3 = Z(x —4)=>3x — 4y =0,
At (=3, 4): .

(-3,4)
Tangent line: y — 4 = %(x +3)=3x—4y+25=0 i /?S\ -

-4
Normal line; y — 4 = T(.r +3)=4x + 3y = 0.

42 . 2+y=9
y'===
o= — 4
X 10, 3)

At (0, 3): 6 (/ \ 6
Tangent line: y = 3 K,,_/
Normal line: x = 0. -4

At (2, /5): :

—2 (2:/5)
Tangent line: y — /5=—%=(x-2)=2x+ /5y —9=0 /—
g me: y Jg(x ) '\/_}' -6 -/ . 8
Normal line: y — /5 = ?(x -2)=S5x—-2y=0. 73

43. 2+ =2

2x+2yy'=0

’

¥ = ;y"‘_ = slope of tangent line

= slope of normal line

» e

Let (x,, ) be a point on the circle. If x, = 0, then the tangent line is horizontal, the normal line is vertical and, hence, passes
through the origin. If x, # 0, then the equation of the normal line is

bl
)’_)’ozi(x"xo)

o
which passes through the origin.

-}l
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44, y'=4dx
2yy'=4

2
f===1at{l,2)
)" y

Equation of normal at (1,2)isy — 2 = —1(x — 1),y = 3 — x. The centers of the circles must be on the normal and at a
distance of 4 units from (1, 2). Therefore,

= 15+ [3— A —2F
20— 1) =16
x=1% 22,
Centers of the circles: (] +242,2 - 2\/5] and (1 ~8J3.2 4 27)
Equations: (x — 1 — 2/2)%+ (y — 2 + 24/2)*= 16
(x—1+2V2)+(y-2-2/2)*=16

Il

16

45. 252 + 16y + 200x — 160y + 400 = 0

50x + 32yy’ + 200 — 160y =0

, 200 + 50x
Y 7160 — 32y
Horizontal tangents occur when x = —4:

25(16) + 16y* + 200(—4) — 160y + 400 = 0

yy—10)=0=y=0,10
Horizontal tangents: (—4, 0), (—4, 10).
Vertical tangents occur when y = 5:
25x% + 400 + 200x — 800 + 400 = 0
25x(x +8) =0=>x=0,-8
Vertical tangents: (0, 5), (—8, 5).

46. 4x* +y? —Bx +4y+4=0
8x+ 2y —8+4y'=0

,=8-Sx:4—4x
2y+4 y+2

y

Horizontal tangents occur when x = 1:

417 + 2~ 8(1) + 4y +4=0

yV+dy=y(y+4)=0=y=0,—4
Horizontal tangents: (1, 0), (1, —4). ’

Vertical tangents occur when y = —2:
42+ (22— 8x+4(-2)+4=0
42 — 8x=4x(x —2)=0=>x=10,2
Vertical tangents: (0, —2), (2, —2).
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47. Find the points of intersection by letting y*> = 4x in the equation 2x> + y? = 6.

2*+4x=6 and
The curves intersect at (1, £2).
4x +2yy' =0

Tangents are perpendicular.

(x+3)x—-1=0

Parabola:
2y’ =4

= e

48. Find the points of intersection by letting y* = x* in the equation 2x* + 3)% = 5,

49.

2x*+3x¥=35 and
Intersect when x = 1.

Points of intersection: (1,+1)

¥ = X%
2yy’ = 322
5. 3x2
¥ Ty
At (1, 1), the slopes are:
.3
=3
At (1, — 1), the slopes are:
3
=3
Tangents are perpendicular.
y= —xandx = siny
Point of intersection: (0, 0)
PE=x x =siny:
y=-1 l=y'c0s§
y' = sec y

At (0, 0), the slopes are:
y'=1

Tangents are perpendicular.

3+ —-5=0

4

L (iEs

22 + 3y? =5 5
e ——— -2 v2an?
dx + 6yy' =0 -
-
y >
' 2
y 3
o 2
¥y 3
4
- 6
,0)
A
4




