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Section 3.2  Rolle’s Theorem and the Mean Value Theorem

1. Rolle’s Theorem does not apply to f(x) = 1 — |x — 1|

2. Rolle’s Theorem does not apply to f(x) = cot(x/2) over
over [0, 2] since fis not differentiable at x = 1.

[ 77, 347] since fis not continuous at x = 2,

3. /(x) =22 = 2x,[0, 2] 4. f(x) = x*—3x+ 2,[1,2].
fO=f@2)=0 F)=f2)=0
fis continuous on [0, 2]. fis differentiable on (0, 2). f1s continuous on [1, 2]. fis differentiable on (1, 2).
Rolle’s Theorem applies. Rolle’s Theorem applies.
f)=2x-2 fl)=2c-3
N-2=0=x=1 A -3=0=x=3=15
¢ value: 1 ¢ value: % =15
5. f(x) = (x — 1)(x — 2)(x — 3),[1,3] 6. f(x)=(x—3)(x+1)2[-13]
f)=f3)=0 f(=1)=f3)=0
fis continuous on [1, 3]. fis differentiable on (1, 3). fis continuous on [— 1, 3]. fis differentiable on (—1, 3).
Rolle’s Theorem applies. Rolle’s Theorem applies.
f)=x*—62+ 1lx -6 Sx) = (x = 3)2)x + 1) + (x + 1)?
fx) =32 — 12x + 11 =(x+1)[2x—6+x+1]
3x3—12x+11=0=>x=‘6i3—\/§ =t g =)
6- 3 6+ /3 ¢ value: %
c=—F =3
7. fx) = 223 — 1,[-8, 8] 8. f(x) = 3 — |x — 3, [0, 6]
f(=8)=/(8) =3 f0) =f(6) =0

[is continuous on [—8, 8]. fis not differentiable on

[is continuous on [0, 6]. fis not differentiable on (0, 6)
(—8, 8) since f(0) does not exist. Rolle’s Theorem does

since f*(3) does not exist. Rolle’s Theorem does not apply.

not apply.
A== 3
9. flx) = e s [—1,3]
H=1=F3)=4a
Jfis continuous on [—1, 3]. (Note: The discontinuity, x = — 2, is not in the interval.) fis differentiable on (—1, 3). Rolle’s

Theorem applies. &

ff(x)=(x+2)(2x_2)_(2~2x_3)(1)=

& +.27 g

Etd4xr—1
(x + 2)?

cvalue: —2+./5
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) =J‘—2;—’, [-1,1]

f=N=f1)=0

fis not continuous on [— 1, 1] since £(0) does not exist.
Rolle’s Theorem does not apply.

12. f(x) = cosx, [0, 27]
f0) = f(2m) =1

fis continuous on [0, 277]. fis differentiable on (0, 277).
Rolle’s Theorem applies.

fx) = —sinx

c value: 7

14. f(x) = %‘ — 4sin’x, [o, TET]

£(0) = f(%) =0

fis continuous on [0, 7/6]. fis differentiable on (0, 7/6).

Rolle’s Theorem applies.
. 6 :
fx) = -~ 8sinxcosx =0

6 ;
— = 8sinxcos x
m

3 L
= 2 sin 2x
3 .
ra— sin 2x
l arcsin(—3 ) =x
2 27
x = (.2489

c value: 0.2489

11. f(x) = sinx, [0,27]
fO) =f@2m) =0

fis continuous on [0, 27]. fis differentiable on (0, 27).
Rolle’s Theorem applies.

f(x) = cos x

3

"2

]

¢ values:

2

13.  f(x) = sin 2x, [?ET‘ %T]

15157

f is continuous on [ /6, 7/3]. fis differentiable on
(7/6, 7/3). Rolle’s Theorem applies.

f(x) = 2 cos 2x
2cos2x=0
gL
TG
c val s &
ue: 7

15. f(x) = tanx, [0, 7]
fO) =f(m=0

Jfis not continuous on [0, 7] since f(7/2) does not exist.
Rolle’s Theorem does not apply.
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[is continuous on [— 7/4, 7/4]. fis differentiable on
(—/4, /4). Rolle’s Theorem applies.

f'(x) = sec x tan x
secxtanx = 0
x=10

¢ value: 0

18. f(x) = x — x'/3, [0, 1]
fO)=701)=0

fis continuous on [0, 1]. fis differentiable on (0, 1).
(Note: fis not differentiable at x = 0.) Rolle’s Theorem
applies.

ﬂﬂ=l—33f=0
1= l
3¢
3f:%
2=L
27
1 /3
X = —_— i ——
7 9
3

¢ value: T = (.1925

17, f)=|x| =1, [-1,1]

=) =§f{1)=0

fis continuous on [— 1, 1]. fis not differentiable on
(=1, 1) since £(0) does not exist. Rolle’s Theorem does
not apply.

19. f(x) = 4x — tan 7rx, [—i, :11]

I 1\
d J—dﬂ*ﬂ
fis continuous on [—1/4, 1/4]. fis differentiable on
(—1/4,1/4). Rolle’s Theorem applies.

f(x) =4 — wsec?wx =0

5 4
sect wx = —
T

2
sec Tx = t—=

J

= +0.1533 radian
c values: +0.1533 radian

0.5

-0.25 = =] 0.25
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2. f(x) = % — sin ?, [-1,0] 21. f(f) = — 168 + 48t + 32
f=)=f0) =0 @71 =f@) =6
fis continuous on [— 1, 0]. fis differentiable on (— 1, 0), (b) v = f'(r) must be 0 at some time in [1, 2].
Rolle’s Theorem applies. F)=-32+48=0
1 = = T B =
f{x]~2 66 =48 r=%scconds
cosTE=2
6 T
6 3 ;
x = ——arccos — [Value needed in (—1, 0).]
T m
= —0.5756 radian

¢ value: —0.5756

22. C(x) = 10(% Fe _T_ 3) 23. No. Let f(x) = x2on [—1, 2].
25 [ =2
@y1013) =‘cle) = 3 f10) = 0 and zero is in the interval (—1, 2) but
, 1 3 f(_ 1) =»'Eﬂz}-

(b) C (x} = 10(—‘; b o m) =0

1

2+6x+9 x2

22— 6x—9=0

6 + /108
syt =M AD)
4
_6+6/3 _3+3./3
T4 T2
In the interval [3, 6]: ¢ = # = 4,098,
24. f(a) = f(b) and f'(c) = 0 where c is in the interval (a, b).

@ gx) =r() +k N () g(x) = flx — k) © gk) = flkx)

gla) = g(b) = fla) + k gla + k) = glb + k) = fla) b

4 4 7 ! . g(%) = g(;) =f{a)

g'x) =fl)=>¢g’c) =0 : g'x) =flx—k)

Interval: [a, b] glc+ k) =flc)=0 8'(x) = kf'(kz)

Critical number of g: ¢ Interval: [a + k, b + k] g'(%) = kf(c) =0

Critical number of g: ¢ + k
Interval: [% -LE]

Critical number of g: %
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25. (a) fis continuous on [— 10, 4] and changes sign,
(f(—8) > 0, f(3) < 0). By the Intermediate Value
Theorem, there exists at least one value of x in
[—10, 4] satisfying f(x) = 0.

(c) v

(e) No, f”did not have to be continuous on [— 10, 4].

26,10 = 3008( ). 1) = sens( ) -sn(Z))(3)

—cwe
= T COs 2 sin 2

(a) 7

bt
A

-6.28

(c) Since f(—1) = f(1) = 0, Rolle’s Theorem applies on
[—1,1]. Since f(1) = 0 and f(2) = 3, Rolle’s
Theorem does not apply on [1, 2].

27. f(x) = x? is continuous on [—2, 1] and differentiable on
(=2,1).

) -f(=2) _1-4
1 —(=2) 3

= -1

fix)=2x= —1whenx = —%. Therefore,

29. f(x) = x*/? is continuous on.[0, 1] and differentiable on
(0, 1). )

1) =0 _
1-0

F) =51 =1

2\ 8

(-

(b) There exist real numbers a and b such that
=10 < a < b < 4and f(a) = f(b) = 2. Therefore,
by Rolle’s Theorem there exists at least one number ¢
in (=10, 4) such that f'(c) = 0. This is called a
critical number.

(d) v

(b) fand f” are both continuous on the entire real line.
@ lim f(x) =0

lim f(x) =0

x—3

28. f(x) = x(x* — x — 2) is continuous on [— 1, 1] and
differentiable on (—1, 1).

.‘_’(U‘f(—)l): —1
1 =(-1

f)=32-2x—2=—1
Bx+1)x—-1)=0

30. f(x) = (x + 1)/x is continuous on [1/2, 2] and
differentiable on (1/2, 2).

f@-£0/2) _ 6/ -3_

2-(1/2) 3/2
" ==l
f(x)=x—2= -1
=]

c=1
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31. f(x) = V/x — 2 is continuous on [2, 6] and differentiable

32. f(x) = 23 is continuous on [0, 1] and differentiable on
on (2, 6). (0, 1).
fO)-f2 _2-0_1 [ -f0) _1-0_,
6—-2 4 2 1-0 1
1 1 x) =3x*= 1
i x=:t£
Jx—2=1 3
il In the interval (0, 1): ¢ = ‘/T’E
33. f(x) = sin x is continuous on [0, 7] and differentiable on 34. f(x) = 2 sinx + sin 2x is continuous on [0, 7] and
(0, ). differentiable on (0, 7).
fm) —f0) _0-0_, flm) =0 _0-0_,
m—0 T a—0 T
fx) =cosx=0 fix) =2cosx + 2cos2x =0
. 2[cosx + 2cos’x— 1] =0
% 2(2cosx — 1)(cosx + 1) =0
_1
cos x = 3
cosx=—1
. P L
L
, T
In the interval (0, 7): ¢ = 3
35. f(x) = — [—l 2]
S =S| Ty
T |
@ ' ©FN=GviE =3
3
=05 2 P )
/ gt 2
ot = 3__ .6
x=-1= ‘/;-— 1+ 3
KO Secant lioe: In the interval [~ 1/2,2],c = —1 + (/6/2).
= Fr —i(=1) 2
slope = f(22)_ ({(1;‘12;2)=2x35f2( )=§ £ = -1+ (/6/2) =—2+-./6=_—_2
[-1+(V6/2)] + 1 V6 J6
r—%—g(x...z)‘ 2 9 \/E
3 3 oo ey B B __+)
Tangent line:y — 1 + 73 X 2 1
Jy—2=2x—4
’ . f_2 S8
Iy—2x+2=0 . i e

2 2

—14+X=== geiea

y-1l+37=3x—73 *3
0

3y—2x—5+2J/6=

+ 1
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36. f(x) = x — 2sinxon[—, 7]

(a)

6.28

-6.28 P=4 % 628

-6.28

(b) Secant line:

_ W -f-n _=—(-m
slope = ey i y
y—am=1x—-m)
y=x
37. fx) = Vx, [1,9]
(1,1),(9,3)
ma—t 3
S T
(a)
(b) Secant line: y-l=i(x-l)
1 3
=gty
O0=x—4y+3

=1

© flx)=1—-2cosx=1

cosx =0
——— U P £ R
=5 f(z) 2 2
T T
A-5) =5
'I‘angent]mesy—(-g—2)—I(x-~)
=x—2
T T
(59163
y=x+2

(c) flx) =

ﬁ
fO) - _1
9 — | 4
|
2Jc 4
Je=2
c=4

(c.f(0) = 4,2)
m=r@) =

=

Tangent line: y — 2 = :}(x —4)

=lx+l
Y=3

O=x—4dy+4
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38. f(x) = —x* + 453 + 8x2 + 5, (0,5), (5, 80)

80— 5
m= 5_0—15
(a) 1%0

(b) Secantline:y — 5 = 15(x — 0)
0=15x—y+5
fx) = —4x® + 1222 + 16x

£5) = £(1) _

1
=] S

—4c3 + 12¢2 + 16¢c = 15
0=4c* — 12¢> — 16¢ + 15
c=0.67orc =379

39. f(x) = ﬁ [0, 6]

fhas a discontinuity at x = 3.

41. fis continuous on [—5, 5] and does not satisfy
the conditions of the Mean Value Theorem.
= fis not differentiable on (— 5, 5).
Example: f(x) = |x|

"
3

fn =[x

(=53} 4 (5. 5)

1
| et e e B e I e }

ra
o

Il
T

43. s(t) = —4.91* + 500

3) — s(0 455.9 — 500
(a)vavg=s{;_g()= 3

= —14.7 m/sec

(c) First tangent line: y — f(c) = m(x — ¢)
y —9.59 = 15(x — 0.67)
0= 155y =048
Second tangent line: y — f(c) ——— mlx — ¢)
y — 131.35 = 15(x — 3.79)
=15x—y + 745

40. £() = |x - 3|, [0,6]

[is not differentiable at x = 3.

42. fis not continuous on [—5, 5].

I/x, x#0

Example: f(x) = {0 e=0

(b) s(z) is continuous on [0, 3] and differentiable on (0, 3). Therefore, the Mean Value Theorem applies.

v(t) = s(t) = —9.8t = —14.7

—14.7
et

Y = 1.5 seconds
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4. () = 200(5 - —9—)

2+t

S(12) — S(0) _ 200[5 — (9/14)] — 200[5 — (9/2)] _ 450

(a) 12—0 = 12 = 7
. 9 450

(b) S = 200(m) =

S Sy

2+ 28

241t= Zﬁ

t =27 — 2 = 3.2915 months

S°(1) is equal to the average value in April.

45. Let S(¢) be the position function of the plane. If ¢ = 0 corresponds to 2 .M., S(0) = 0, §(5.5) = 2500 and the Mean Value

Theorem says that there exists a time f,, 0 < £, < 5.5, such that

2500 — 0

S50 454.54.

$11p) = i) =

Applying the Intermediate Value Theorem to the velocity function on the intervals [0, #,] and [f,, 5.5], you see that there are at
least two times during the flight when the speed was 400 miles per hour. (0 < 400 < 454.54)

46. Let T(z) be the temperature of the object. Then 7(0) = 1500° and 7(5) = 390°. The average temperature over the interval [0, 5]

15

390 — 1500 _

—o = ~22°F/ix.

By the Mean Value Theorem, there exists a time to, 0 < t, < 5, such that T'(t,) = —222.

47. False. f(x) = 1/x has a discontinuity at x = 0. 48. False. f must also be continuous and differentiable on
each interval. Let
B — dx
=5
49. True. A polynomial is continuous and differentiable 50. True

everywhere.

51. Suppose that p(x) = x***! + ax + b has two real roots x, and x,. Then by Rolle’s Theorem, since p(x;) = p(x,) = 0, there

exists ¢ in (x;, x,) such that p'(c) = 0. Butp‘(x) = (2n + 1)x*" + a # 0, since n > 0,a > 0. Therefore, p(x) cannot have two
real roots.

52. Suppose f(x) is not constant on (a, b). Then there exists x, and x, in (a, b) such that f(x,) # f(x;). Then by the Mean Value

Theorem, there exists ¢ in (a, b) such that

_ fle) = f(

X .
l]abo.
A T X

fe)

This contradicts the fact that f(x) = 0 for all x in (a, b).




