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. l—cosx ., 1—cosx 1+ cosx
106. ) ;1:1—1;% X o }51—1.1:13 g 1 + cosx
;o 1i— tos?x
= lim

=0 2(1 + cos x)

sin x 1
=0 X2 1 + cosx

= 1
(b) Thus, L= ooes Eos.r =—=> ] —cosx= lx2
x* 2 2

= cosx = 1 —lx2 forx = 0.

3
(@) cos(01) =~ 1.— %{0.1)2 = 0.995

(d) cos(0.1) = 0.9950, which -agrees with part (c).

107. Two functions agree at all but one point means that the functions are identical for all x in their domain, except possibly at one

value of x.

Section 1.4

1. (a) The limit does not exist at x = ¢.

(c) The limit exists at x = ¢, but it is not equal to the
value of the function at x = ¢.

2. A discontinuity at x = ¢ is removable if you can define
(or redefine) the function at x = ¢ in such a way that the
new function is continuous at x = c.

_ |x= 2] L\ _ sin(x +2)
@ f&) ="—35 b) f(x) == T~
1, ifx=22
_Jo, if-2<x<2
@@ =11 itx=—2
0, ifx< -2

4. If fand g are continuous for all real x, then so is f + g (Theorem 1.11, part 2). However, f/g might not be continuous if g(x) = 0.
For example, let f(x) = x and g(x) = x> — 1. Then f and g are continuous for all real x, but f/g is not continuous at x = +1.

5. (@) lim f(x) =

6. (a) _l‘i[nj‘f(x} =-2

Continuity and One-Sided Limits

(b) The function is not defined at x = ¢.

(d) The limit does not exist at x = ¢.

The function is not continuous at x = 3 because
lim f(x) =1# 0= lim f(x).
x—3' =3

7. (a) Iir;lb flx) =0

(b) ‘l_ip;l flx) =1

(©) lim f(x) = 1
8. (@ lim f(x) =2

(b) lim f(x) =2

© lim f(x) =2

(b) lim flx)=-2

(¢) lim f(x) = —2

9. (a) r]i’n‘l‘ =3
(®) lim fx)=-3

(c) lin‘% f(x) does not exist.

() lim f(x) =0

(c) il_’n‘%f(x) =0

10. (a) r_l.i@.'ﬂx} =0
(b) lim Sflx) =2

(c) limlf(x) does not exist.
==
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S = | T L 0 SR, B |
T S S T ol il e
13. lim —==— does not exist si 3 14, g Y22 o gy YET2 a2
F i B oy e "ot x—4 ot x—4 Jr+2
without bound as x — 27, i x—4
= lim —————F—
i (x = 4)(Jx +2)
= lim Li—
=4 fx+2 4
15. limjﬂdoes not exist since lim I = 1 and 16. lim =2} lim *— 2 1
x=0 X x—=0" X x=2" X — =2t x— 2
]imEI'=—]. i |x-2]= ; -(1‘2)=_
=0 X xllg]' x—2 _\'ll)rgl' x—2 !
o =2, o =g
xl—lgl' x—2 %}_151_ x—2

Thus, the limit does not exist.

17, g EEAE X g @bty Lo, A 1
" Aead Ax a0 x(x + Ax)  Ax Pead,s x(x + Ax) Ax
= lim o
a0 x{x + Ax)
x(x + 0) x2

{x+Ax}2+{x+Ax)—(x2+x)= lim

2+ (M) + (@l +x+Ax —F —x

18. all-lat(l) Ax Ax—0* Ax
—_ 2x(Ax) + (Ax)* + Ax
P Ax
= lim (2x + Ax + 1)
Ax=0*
=2 +0+1=2cx+1
19. i f(}=lim12_2x—2 20. lim f(x) = lim (—xX* +4x—-2) =2
F i) = g e = it = i, *=2) =
x+2 5 lim f(x) = lim (x2 — 4x + 6) = 2
: = i O x—=2" —32"
i s = tig 252 =3 i
lim f(x) = 2
Iin} f(x) does not exist. e
21. lim f(x) = lim (x + 1) =2 22. lim f(x) = lim (1 —x)=0
x—+1 x—1 a1t x—=1"

lim f(x) = 2

x=1

im ) = Jim ()= 1

lim f(x) does not exist.
x=1
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23. lim cot x does not exist since
X—TT

lim cotx and lim cotx do not exist.
x—mt =

24. lim_sec x does not exist since
x—wf2

lim i secxand lim sec x do not exist.

x—={(w/2 x—(m/2)

25 lim 2x) - 1)=22) - 1=3 26. lim (2x —[x]) = 2(2) — 2 =2
x=3" x—2*
(Ix] =2for2 < x < 3)
27. f() = 5 28, f(x) = o) 2. (o) = B 4
2 =4 x+1 . f).' == 3 X
has discontinuities at x = —2 and has a discontinuity at x = —1 has discontinuities at each integer
x = 2 since f(—2) and £(2) are since f(—1) is not defined. ksince lim f(x) # lim f(x).
not defined. X3k x—k'
x; xr <1
0. f(x) =12, x =1 has discontinuity at x = 1 since f(1) = 2 # i:rnf( ) =
2e=1, %1
31. f(x) = x> — 2x + 1 is continuous for all real x. 32. flx) = is continuous for all real x.

33. f(x) = x + sin x is continuous for all real x.

x4+ 1

34. f(x) = cosq—;—t is continuous for all real x.

35. f(x) = }-l— has a nonremovable discontinuity at x = 1 since lin'{ f(x) does not exist.

1

36. f(x) = - i i i inuities = landx = —1 since _‘lri_l:r}f[x] and xl_i)n_*nf(x) do not exist.
37. flx) = l ———is continuous for all real x.

=9 . , ] . 2 e
38. flx) = ; = has a nonremovable discontinuity at x = —3 since m[-l.Taf(x) does not exist, and has a removable discontinuity

at x = 3 since

1 1
llmf{x Pvrgx 3 g

x+ 2

P 9e -

has a nonremovable discontinuity at x = 5 since hm f (x)
does not exist, and has a removable dlscommuny at
x = —2 since

1

llm f(x)— l_:)mzjt 5= 3

41. f(x) = Jﬂ_zl

X2
has a nonremovable discontinuity at x = — 2 since
lim_f(x) does not exist.
x——1

Xl
I = e -
has a nonremovable discontinuity at x = —2 since

lim2 f(x) does not exist, and has a removable
x=—
discontinuity at x = 1 since

lll'l‘lf(.l) = lm}x 35

lx=3|

42 f() = =3

has a nonremovable discontinuity at x = 3 since lrrn flx)
does not exist.
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wafy 13

<1

has a possible discontinuity at x = 1.
1 f(1) =1
xl_i;?—f{x) =
Jim £ =
3. £1) = lim )

3 AR ]hm &) =1
I1rn = 1)xl

fis continuous at x = 1, therefore, fis continuous for all
real x.

x4 I, x<2
45, f(x) =12 has a possible discontinuity at x = 2.
- x =2
Lf@2)=2+1=2
x
lim f(x) = lim (§+ l)=2
5, g lim f(x) does not exist.
Ilm flx) = llm B—-x=

47, 0 csc=, [|x-3l=<2 csc%, 1 £x <5
=1, k=-3>2 |2 x<lorx>5
Lfil)=csc—==2 f(5)=csc§63=
2. lim f(x) = 2 lim f(x) =

Therefore, fhas a nonremovable discontinuity at x = 2.

x <1
X2

4. f[x] - [X—ZZX +:3.

has a possible discontinuity at x = 1.

Lf)=1=1

lim f(x) =

x—1

2. J\'Ebr?' f(x) = xE)nl“ (‘2,\' + 3) ]
Tt Jigot=l
3. f(1) = lim f(x)

fis continuous at x = 1, therefore, f is continuous for all
real x.

flx) = Lzzf i T i i i has a possible discontinuity at x = 2.
L f(2) = —2(2) = —4
5. B f&) = lim (=2x) = ]llmf(x) does not exist.
I]_])n}f(x) lu‘g (x2 — 4x + l) =-3

Therefore, f has a nonremovable discontinuity at x = 2.

3. 70) = lim ) £(5) = lim ()

has possible discontinuities at x = 1, x = 5.

fis continuous at x = 1 and x = 5, therefore, fis continuous for all real x.

an 2 b€t (™ clwxel
4s'f(":)=[x, 4 |""|2]=[x, 3 xs—lorleh
1. f(-1) = -1 ) =1
-E‘I‘f{) lim f(x) = 1
301 =lmf6) )= lim /@

as possible discontinuities at x = —1,x = 1.

fis continuous at x = *1, therefore, fis continuous for all real x.
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49. f(x) = csc 2x has nonremovable discontinuities at integer
multiples of /2.

51. f(x) = [x — 1] has nonremovable discontinuities at each

mX . S
50. f(x) = tan > has nonremovable discontinuities at each

2k + 1, k is an integer.

52. f(x) = x — [x] has nonremovable discontinuities at each

integer k. integer k.
53. lim f(x) = 0 % 54. lim f(x) = 0 ' 2

x—=0* x—=0* \

Jig 1) = 0 Jig 1) = 0 ,

- - [
fis not continuous at x = —2. -8 8 fis not continuous at x = —4 /
-10 -10
55 2) =8 56. lim (]____ li 4sinx_4
. f(2) = amol ST A T X

: : 8
Find a so that lim ax* =8 = a =5 =2.

7 Ji 50 = Jim, (a = 20 = a

Leta = 4.

57. Find a and b such that limr (ax + b) = —a + b= 2and ]i1131_ (ax + b)) =3a+ b= -2,
x—=— X3

a—b=-2
(H3a+b=-2 2, X< —1
da =—4 f)={-x+1, -1l<x<3
=2 x23
a=—1

X¥—a

59. f(glx)) = (x — 1)?

Continuous for all real x.

58. li_l;n g(x) = lim

x=a X — a4

=lim (x + @) = 2a
X=a

Find a such that 2a = 8 = a = 4.

1
60. x)) =
1) ==
Nonremovable discontinuity at x = 1. Continuous for all x > 1.
Because f = g is not defined for x < 1, it is better to say that f = g is discontinuous from the right at x = 1.

1. £¢) = g =5 = 7

X2 =]

62. f(g(x)) = sinx?

. s Continuous for all real x
Nonremovable discontinuities at x = +1

63. y=[x] — x 05

NN

-1.5

Nonremovable discontinuity at each integer
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1
64. h(x) = —————— _J2x—-4, x<3
W =G 16-2 6514 {xl—zx, x>3
Nonremovable discontinuity at x = —1 and x = 2.

Nonremovable discontinuity at x = 3

5

AN )
M Y

=5

cosx — !, x<0 3
68, fia) = {Sx, * x=20 /
-7 B e N 2
f(0) =5(0)=0

lirtr)l_ f(x) = lim (cosx—1) _ 0 =

x=0" x
S f) = Jig. 5 =0

Therefore, ]ir% f(x) = 0 = f(0) and fis continuous on the entire real line. (x = 0 was the only possible discontinuity.)
X

67. ) = =55

Continuous on (— oo, c0)

68. f(x) =xJx+3

Continuous on [—3, oo]

b g ol |

x
69. f(x) = CSCE 70. f(x) = w5

Continuous on: ..., (—2,0), (0, 2m), 2w, 47), ... Continuous on (0, o)

_ sinx _¥ -8
. Ffx) = = 72. f(x) = e
g /"‘"‘"\\__4 \/

1]

The graph appears to be continuous on the interval
[—4, 4]. Since £(0) is not defined, we know that f has

a discontinuity at x = 0. This discontinuity is removable
-s0 it does not show up on the graph.

The graph appears to be continuous on the interval
[—4, 4]. Since f(2) is not defined, we know that f has

a discontinuity at x = 2. This discontinuity is removable
so it does not show up on the graph.

73, f(x) =x* —4x + 3 74. f(x) = x> +3x — 2
f(x) is continuous on [2, 4].

f(2) = —landf(4) = 3

f(x) is continuous on [0, 1].
f(0)=—2andf(1) =2

By the Intermediate Value Theorem, f(x) = 0 for at least
one value of ¢ between 0 and 1.

By the Intermediate Value Theorem, f(¢) = 0 for at least
one value of ¢ between 2 and 4.
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75. fx) =+ x—1
f(x) is continuous on [0, 1].
f(0)=—1landf(1) =1

By the Intermediate Value Theorem, f(x) = O for at least
one value of ¢ between 0 and 1. Using a graphing utility,
we find that x = 0.6823.

77. g(t) = 2cost — 3t
g is continuous on [0, 1].
g0)=2>0andg(l)=—-19 < 0.

By the Intermediate Value Theorem, g(t) = 0 for at least

one value ¢ between 0 and 1. Using a graphing utility, we
find that r = 0.5636.

7. f) =2 +x—1

fis continuous on [0, 5].

£(0) = —1and f(5) = 29
=1 128

The Intermediate Value Theorem applies.

2+x=-1=1
X*+x—-12=0

x+4x—-3)=0
x=—4orx=3
¢ = 3 (x = —4is not in the interval.)

Thus, f(3) = 11.

8. f) = —x*+ x—2
fis continuous on [0, 3].
f(0) = —2and f(3) = 19
—-2<4<19
The Intermediate Value Theorem applies.
¥-—x+x—-2=4
PP tx—6=0_
=2)F+x+3)=0
e=2
(x* + x + 3 has no real soluléon.) :
c=2
Thus, f(2) = 4.

76. f(x) =2 + 3x — 2
f(x) is continuous on [0, 1].
f(0) = —2andf(1) = 2

By the Intermediate Value Theorem, f(x) = O for at least
one value of ¢ between 0 and 1. Using a graphing utility,
we find that x = 0.5961.

78. h(0) =1+ 68— 3tan @
h is continuous on [0, 1].
h(0) =1 > Oand k(1) = —2.67 < 0.

By the Intermediate Value Theorem, h(6) = 0 for at least

one value @ between 0 and 1. Using a graphing utility, we
find that § = 0.4503.

80. f(x) =x* —6x + 8
fis continuous on [0, 3].
f(0) = 8andf(3) = — 1
-1<0<8
The Intermediate Value Theorem applies.
X —6x+8=0
x—2)x—4)=0
x=2o0rx=4
¢ = 2 (x = 4 is not in the interval.)

Thus, f(2) = 0.

2+ x
x—1

82. f(x) =

[f1is continuous on [§, 4]. The nonremovable discontinuity,
x = 1, lies outside the interval.

5}y _35 20
35 20
3 <6< 3

The Intermediate Value Theorem applies.
Xtx_
Xl
X +x=6x—6
*=5x+6=0
x—2)(x—3)=0
x=2o0rx=3
¢ = 3 (x = 2is not in the interval.)

Thus, f(3) = 6.



