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EXERCISES FOR SECTION 3.7 I.ab!!

1.

CHAPTER 3  Applications of Differentiation

Numerical, Graphical, and Analytic Analysis  Find two
positive numbers whose sum is 110 and whose product is a
maximum.

(a) Analytically complete six rows of a table such as the one
below. (The first two rows are shown.)

First ‘ Second i
Number x 1 Number Product P
10 ‘ 110 — 10 | 10(110 — 10) =
| 2 | 11020 [ 20(110 — 20) = 1800

20(110 — 20) = 1800

(b) Use a graphing utility to generate additional rows of the
table. Use the table to estimate the solution. (Hinz: Usc the
table feature of the graphing utility.)

(¢} Write the product P as a function of x.

(d) Use a graphing utility to graph the function in part (c) and
estimate the solution from the graph.

(e) Use calculus to find the critical number of the function in
part (c). Then find the two numbers.

In Exercises 2-6, find two positive numbers that satisfy the
given requirements.

2,

. The product is 192 and the sum is a minimum.

The sum is § and the product is a maximum.

. The product is 192 and the sum of the first plus three times the

second is @ minimum,

. The second number is the reciprocal of the first and the sum is

a minimum.

. The sum of the first and twice the second is 100 and the prod-

uct is @ maximum.

In Exercises 7 and 8, find the length and width of a rectangle
that has the given perimeter and a maximum area.

7. Perimeter: 100 meters

8.

Perimeter: P units

In Exercises 9 and 10, find the length and width of a rectangle
that has the given area and a minimum perimeter.

9. Area: 64 square feet

10.

Area: A square centimeters

In Exercises 11 and 12, find the point on the graph of the func-
tion that is closest to the given point,

1L f(x) = Vx

Function Point

(4‘ 0)

12. f(x) = 2 (2,1)

13. Chemical Reaction

14

15. Area

AB SERIES

In an autocatalytic chemical reaction,
the product formed is a catalyst for the reaction, If Q, is the
amount of the original substance and x is the amount of catalyst
formed, the rate of chemical reaction is

dQ

= k@, -

For what value of x will the rate of chemical reaction be
greatest?

Traffic Control On a given day, the flow rate F (cars per
hour) on a congested roadway is

— t" NV

T 22 + 0022

where v is the speed of the traffic in miles per hour. What speed
will maximize the flow rate on the road?

A farmer plans to fence a rectangular pasture adjacent
to a river. The pasture must contain 180,000 square meters
in order to provide enough grass for the herd. What dimen-
sions would require the least amount of fencing if no fencing is
needed along the river?

. 16. Area A rancher has 200 feet of fencing with which to enclose

two adjacent rectangular corrals (see figure). What dimensions
should be used so that the enclosed area will be a maximum?

e— T y
!

17. Volume

(a) Verify that each of the rectangular solids shown in the fig-
ure has a surface area of 150 square inches.

(b) Find the volume of each.

(c) Determine the dimensions of a rectangular solid (with a
square base) of maximum volume if its surface area is 150
square inches.

I}J’""“";‘—i-l "




@ 18. Numerical, Graphical, and Analytic Analysis An open
box of maximum volume is to be made from a square piece of
material, 24 inches on a side, by cutting equal squares from the

19.

A¥ 2.

corners and turning up the sides (see figure).

(a) Analytically complete six rows of a table such as the one
below. (The first two rows are shown,) Use the table to

guess the maximum volume.

Length and
Height |  Width
1 24 — 2(1)

2 24 —2(2) | 2[24 — 2(2)]? = 800

(b) Write the volume V as a function of x.

(c) Use calculus to find the critical number of the function in

part (b) and find the maximum value.

(d) Use a graphing utility to graph the function in part (b) and

verify the maximum volume from the graph.

o -
(a) Solve Exercise 18 given that the square piece of material @ 23. Length A right triangle is formed in the first quadrant by the

is s meters on a side.

(b) If the dimensions of the square piece of material are dou-

bled, how does the volume change?

Numerical, Graphical, and Analytic Analysis A physi-
cal fitness room consists of a rectangle with a semicircle on
each end. A 200-meter running track runs around the outside of

the room.

(a) Draw a figure to represent the problem. Let x and y repre-

sent the length and width of the rectangle.

(b} Analytically complete six rows of a table such as the one
below. (The first two rows are shown.) Use the table to

guess the maximum area of the rectangular region.

Length x Width y Area
10 2(100 — 10) | (10)2(100 — 10) =~ 573
20 2(100 — 20) | (20)2(100 — 20) = 1019

(¢) Write the area A as a function of x.

(d) Use calculus to find the critical number of the function in

part (c) and find the maximum value,

(e) Use a graphing utility to graph the function in part (c) and

verify the maximum area from the graph.
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21. Area A Norman window is constructed by adjoining a
semicircle to the top of an ordinary rectangular window (see
figure). Find the dimensions of a Nerman window of maxi-
mum area if the total perimeter is 16 feet.

S R
X

22, Area A rectangle is bounded by the x- and y-axes and the
graph of y = (6 — x)/2 (sce figure). What length and width
should the rectangle have so that its area is a maximum?

v ¥
s+ 4+
] g_‘(ﬂ,y)
™~ (1,2
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11 14
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Figure for 22 Figure for 23

x- and y-axes and a line through the point (1, 2} (see figure).

(a) Write the length L of the hypotenuse as a function of x.

(b) Use a graphing utility to graphically approximate x such
that the length of the hypotenuse is a minimum.

(c) Find the vertices of the triangle such that its area is a
minimum.

24, Area Find the dimensions of the largest isosceles triangle
that can be inscribed in a circle of radius 4 (see figure).

-4 -2 2 4
Figure for 24 Figure for 25

25. Area  Arectangle is bounded by the x-axis and the semicircle
y = /25 — x? (see figure). What length and width should the
rectangle have so that its area is a maximum?
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CHAPTER 3 Applications of Differentiation

26. Area Find the dimensions of the largest rectangle that can be

27

28.

A8 20,

30.

31

.

32,

33.

inscribed in a semicircle of radius r (see Exercise 25).

Area Find the dimensions of the trapezoid of greatest area
that can be inscribed in a semicircle of radius 7,

Area A page is to contain 30 square inches of print. The
margins on each side are 1 inch. Find the dimensions of the
page such that the least amount of paper is used.

Numerical, Graphical, and Analytic Analysis A right

circular cylinder is to be designed to hold 22 cubic inches of a

soft drink (approximately 12 fluid ounces).

(a) Analytically complete six rows of a table such as the one
below. (The first two rows are shown.)

{ Radivs r | Height Surface Area E
i

22 22 .-

0.2 037 271“(0.2}[0,2 t 5 2—)5] =~ 220.3 :

22 22 s

0.4 04Y | er(u.4)[0,4 - w(0.4)3] 111.1 |

(b) Use a graphing utility to generate additional rows of the
table. Use the table to estimate the minimum surface area.
(Hint: Use the table feature of the graphing utility.)

(c) Write the surface area § as a function of r,

(d) Use a graphing utility to graph the function in part (c) and
estimate the minimum surface area from the graph.

(e) Use calculus to find the critical number of the function in
part (c) and find dimensions that will yield the minimum
surface area.

Surface Area Use calculus to find the required dimensions
for the cylinder in Exercise 29 if its volume is ¥, cubic units.

Volume A rectangular package to be sent by a postal service
can have a maximum combined length and girth (perimeter of
a cross section) of 108 inches (see figure). Find the dimensions
of the package of maximum volume that can be sent. (Assume
the cross section is square.)

I .

Figure for 31 Figure for 33

Volume Rework Exercise 31 for a cylindrical package. (The
cross section is circular.)

Volume Find the volume of the largest right circular cone
that can be inscribed in a sphere of radius r (see figure).

ik

34. Volume Find the volume of the largest right circular cylinder

35.

36.

3.

38

39.

41.

that can be inscribed in a sphere of radius r.

Surface Area A solid is formed by adjoining two hemi-
spheres to the ends of a right circular cylinder. The total volume
of the solid is 12 cubic centimeters. Find the radius of the
cylinder that produces the minimum surface area.

Cost  An industrial tank of the shape described in Exercise 35
must have a volume of 3000 cubic feet. The hemispherical ends
cost twice as much per square foot of surface area as the sides.
Find the dimensions that will minimize cost.

Area The sum of the perimeters of an equilateral triangle and
a square is 10. Find the dimensions of the triangle and the
square that produce a minimum total area.

Area Twenty feet of wire is to be used to form two figures.
In each of the following cases, how much should be used for
each figure so that the total enclosed area is maximum?

(a) Equilateral triangle and square

(b) Sguare and regular pentagon

(¢) Regular pentagon and regular hexagon

(d) Regular hexagon and circle

‘What can you conclude from this pattern? {Hint: The area
of a regular polygon with n sides of length x is A =
{n/a)[cat(m/n}]x%.} ]

Beam Strength A wooden beam has a rectangular cross
section of height A and width w (see figure). The strength S of
the beam is directly proportional to the width and the square of
the height. What are the dimensions of the strongest beam that
can be cut from a round log of diameter 24 inches? (Hint:
S = kh®w, where k is the proportionality constant.)

(=% 0 | (x 0)

Figure for 40

Figure for 39

Minimum Length Two factories are located at the coordi-
nates (—x, 0) and (x, 0) with their power supply located at the
point (0, i) (see figure). Find y such that the total amount of
power line from the power supply to the factories is a minimum.

Projectile Range The range R of a projectile fired with an
initial velocity v, at an angle # with the horizontal is

~ vy~ sin 20
g

where g is the acceleration due to gravity. Find the angle 8 such
that the range is a maximum.



ﬁ 42. Traffic Flow The police department must determine the

m43

1d| 5.1

speed limit on a bridge such that the flow rate of cars is maxi-
mum per unit time. The greater the speed limit, the farther apart
the cars must be in order to keep a safe stopping distance.
Experimental data on the stopping distance d (in meters) for var-
ious velocities v (in kilometers per hour) are given in the table.

60 | 80 | 100 1
44.2 66.4‘

v 20 40

13.7 | 27.2

(a) Convert the speeds v in the table to the speeds s in meters
per second. Use the regression capabilities of a graphing
utility to find a model of the form d(s) = as® + bs + ¢ for
the data.

(b) Consider two consecutive vehicles of average length 5.5
meters, traveling at a safe speed on the bridge. Let T be the
difference between the times (in seconds) when the front
bumpers of the vehicles pass a given point on the bridge.

Verify that this difference in times is given by

T:@_,__Sé.
3 L)

(©

Use a graphing utility to graph the function T and estimate
the speed s that minimizes the time between vehicles.

¢

—

Use calculus to determine the speed that minimizes T.
What is the minimum value of 77 Convert the required
speed to kilometers per hour.

{e) Find the optimal distance between vehicles for the posted
speed limit determined in part (d).

Conjecture Consider the functions f(x) = 1x?

g(x) = 1ex* — 3x* on the domain [0, 4].
(a) Use a graphing utility to graph the functions on the speci-
fied domain.

and

(b) Write the vertical distance d between the functions as a
function of x and use calculus to find the value of x for
which 4 is maximum.

(c) Find the equations of the tangent lines to the graphs of fand
g at the critical number found in part (b). Graph the tangent
lines. What is the relationship between the lines?

(d) Make a conjecture about the relationship between tangent
lines to the graphs of two functions at the value of x at
which the vertical distance between the functions is great-
est, and prove your conjecture,

44. Hllumination A light source is located over the center of a

45.

circular table of diameter 4 feet (sec figure). Find the height £
of the light source such that the illumination / at the perimeter
of the table is maximum if / = k{sin a)/s2, where s is the slant
height, ¢ is the angle at which the light strikes the table, and &
is a constant.

IHlumination The illumination from a light source is di-
rectly proportional to the strength of the source and inversely
proportional to the square of the distance from the source. Two
light sources of intensities /, and [, are 4 units apart. What
point on the line segment joining the two sources has the least
illumination?
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Figure for 43 Figure for 46

46. Minimum Time A man is in a boat 2 miles from the near-

47

est point on the coast. He is to go to a point O, 3 miles down
the coast and 1 mile inland (see figure). If he can row at 2 miles
per hour and walk at 4 miles per hour, toward what point on the
coast should he row in order to reach point ( in the least time?

Minimum Time The conditions are the same as in Exercise
46 except that the man can row at v, miles per hour and walk at
v, miles per hour. If 6, and @, are the magnitudes of the angles,
show that the man will reach point  in the least time when

sin 8,

Yy L&)

__sin 6,

48. Minimum Time When light waves, traveling in a transpar-

49

ent medium, strike the surface of a second transparent medium,
they change directions. This change of direction is called
refraction and is defined by Snell’s Law of Refraction,

sin 6, sin#@,

Vi Vs

where 6, and #, are the magnitudes of the angles shown in the
figure and v, and v, are the velocities of light in the two media.
Show that this problem is equivalent to that of Exercise 47, and
that light waves traveling from P to Q follow the path of mini-
mum time.

Medium 1

Sketch the graph of f(x) = 2 — 2 sin x on the interval [0, 7r/2].

(a) Find the distance from the origin to the y-intercept and the
distance from the origin to the x-intercept.

(b) Express the distance 4 from the origin to a point on the
graph of f as a function of x. Use your graphing utility to
graph d and find the minimum distance.

(c) Use calculus and the root feature of a graphing utility to
find the value of x that minimizes the function d on the
interval [0, 77/2]. What is the minimum distance?
(Submitted by Tim Chapell, Penn Valley Community
College, Kansas City, MO.)
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50. Minimum Force A component is designed to slide a block f%‘ 53. Numerical, Graphical, and Analytic Analysis A 2-

S1.

PP’ 52.

of steel with weight W across a table and into a chute (see
figure.) The motion of the block is resisted by a frictional force
proportional to its apparent weight. (Let k be the constant of
proportionality.) Find the minimum force F needed to slide the
block, and find the corresponding value of 6. (Hint: F cos 8 1s
the force in the direction of motion, and F sin @ is the amount
of force tending to lift the block. Therefore, the apparent weight
of the block is W ~ F sin 6.)

j v

Volume A sector with central angle 6 is cut from a circle of
radius 12 inches (see figure), and the edges of the sector are
brought together to form a cone. Find the magnitude of 6 so that
the volume of the cone is a maximum.

LRl
Figure for 51 Figure for 52

Numerical, Graphical, and Analytic Analysis The cross
sections of an irrigation canal are isosceles trapezoids of which
three sides are 8 feet long (see figure). Determine the angle of
elevation 6 of the sides so that the area of the cross section is a
maximum by completing the following.

{a) Analytically complete six rows of a table such as the one
below. (The first two rows are shown.)

Base 1 Base 2 Altitude | Area
8 8 + 16 cos 10° 8sin 10° | = 2221

8sin 20° E =425 l

8 8 + 16 cos 20°

(b) Use a graphing utility to generate additional rows of the
table and estimate the maximum cross-sectional area.
(Hint: Use the table feature of the graphing utility.)

{c) Write the cross-sectional area A as a function of 6.

{d) Use calculus to find the critical number of the function in
part (c) and find the angle that will yield the maximum
cross-sectional area.

(e) Use a graphing utility to graph the function in part (c) and
verify the maximum cross-sectional area.

meter-high fence is 7 meters from the side of a grain storage
bin. A grain elevator must reach from ground level outside the
fence to the storage bin (see figure). Complete the following to
find the length of the shortest grain elevator.

(a) Analytically complete six rows of a table such as the one
below. (The first two rows are shown.)

2 7 |
s sin(0.1) | cos(0.1) Pt {
2 7 i
02 | 509 | wstor) | =172 |

{b) Use a graphing utility to generate additional rows of the
table. Use the table to estimate the minimum length. (Hint:
Use the table feature of the graphing utility.)

(c) Write the length L as a function of 6.

{d) Use a graphing utility to graph the function in part {(c). Use
the graph to estimate the minimum length. How does your
estimate compare with that in part (b)?

{e) Use calculus to find the critical number of the function and
the angle that will yield the minimum length.

(f) Determine the height of the grain storage bin for the eleva-
tor of minimum length.

54. Friction The efficiency E of a screw with square threads is

55,

_ tan (1 — s tan §)
pttan ¢

where u is the coefficient of sliding friction and-¢ is the angle
of inclination of the threads to a plane perpendicular to the axis
of the screw. Find the angle ¢ that yields maximum efficiency
when p = 0.1

E

Writing The figures show a rectangle, a circle, and a semi-
circle inscribed in a triangle bounded by the coordinate axes
and the first quadrant portion of the line with intercepts (3, 0}
and (0, 4). Find the dimensions of each inscribed figure such
that its area is maximum. State whether calcuus was helpful in
finding the required dimensions. Explain your reasoning.
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