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The last example in this section looks at a region that is bounded by the y-axis
(rather than the x-axis).

EXAMPLE 7 A Region Bounded by the y-Axis
Loy

Find the area of the region bounded by the graph of f(y) = y2 and the y-axis for
0 <y < 1, as shown in Figure 4.17.

Solution When f'is a continuous, nonnegative function of y, you still can use the same
basic procedure illustrated in Examples 5 and 6. Begin by partitioning the interval
[0, 1] into # equal subintervals, each of length Ay = 1/n. Then, using the upper
endpoints ¢; = i/n, you obtain the following.
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Thus, the area of the region is 3. i
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EXERCISES FOR SECTION 4.2

@ In Exercises 1-6, find the sum. Use the summation capabilities
of a graphing utility to verify your result.
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In Exercises 7-14, use sigma notation to write the sum. # M ”' L
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. In Exercises 21 and 22, use the summation capabilities of a
graphing utility to evaluate the sum. Then use the properties of

sigma notation and summation formulas to verify the sum.
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In Exercises 23-28, find the limit of s(n) as n 5 ce.
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In Exercises 29-34, find a formula for the sum of n terms. Use
the formula to find the limit as n — oc.
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In Exercises 35-38, use upper and lower sums to approximate
the area of the region using the indicated number of subinter-
vals (of equal length),

35 v =Jx 36.y = J/x+1
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37.y=% 38 y=J1-x?
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39. Numerical Reasoning Consider a triangle of area 2
bounded by the graphsof y = x, y = 0, and x = 2.

=

(a) Sketch the graph of the region.

(b) Divide the interval [0, 2] into n equal subintervals and
show that the endpoints are

0 < 1(%) << (n—l}(%) < n(%).

(¢) Show that s(n) = 2":[ (i—1 ( )](i)

(d) Show that S(n) = ‘2[:@”(—3)

(e) Complete the table.

n ’ 5

s(n)
S(n)

10 50 100

(f) Show that lim s(n) = lim S(n) = 2.

40. Numerical Reasoning Consider a trapezoid of area 4
bounded by the graphsof y = x,y = 0,x = l,and x = 3.

(a) Sketch the graph of the region.

(b) Divide the interval [1,3] into » equal subintervals and
show that the endpoints are

1<1+1(;21-)<~-< 1+{n—l)(?—!)<l+n(§-){
(c) Show that s(n) = 2[ (i — 1)(%”(%)
(d) Show that S(n ;[1 % ;( )](i)

(e) Complete the table.

n 5

[
s(n) —*ifo

S(n) I \

(f) Show that I_i_)m s(n) = le S(n) = 4.
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In Exercises 41-48, use the limit process to find the area of the B so. Graphical Reasoning Consider the region bounded by the

region between the graph of the function and the x-axis over the
indicated interval, Sketch the region.

Function Interval
41 y= —2x +3 [0,1]
42. y=3x—4 [2, 5]
43, y=x2+2 [0, 1]
44, y=1— %7 [-1,1]
45, y =27 — & 1,3]
46. y = 2x — x* [0, 1]
47. y=x2 — [—1,1]
48, y=x2—x [-1,0]

In Exercises 49 and 50, use the limit process to find the area of
the region between the graph of the function and the y-axis over
the indicated y-interval. Sketch the region.

49, f(y} =3y,0<y <2 50. f(y) =yL,0<y<3
In Exercises 51-54, use the Midpoint Rule
B (x + x
= i=1
Area ‘;f(J—“—-z )Ax

with n = 4 to approximate the area of the region bounded
by the graph of the function and\the x-axis over the indicated

interval. L L
Function Interval

51 fx) =x% + 3 [0, 2]

52. flx) = x>+ 4x [0, 4]

53. flx) = tanx [[}, -‘-:IJ

54, f(x) = sinx [0, ”E’I

. Write a program for a graphing utility to approximate areas by
using the Midpoint Rule. Assume the function is positive over
the indicated interval and the subintervals are of equal width.
In Exercises 55-58, use the program to approximate the area
between the function and the x-axis over the indicated interval,

and complete the table.

w0 9 4|8|12]16] 2
Approximate area ||
Function Interval
55. flx) = v [0,4]
v B
56. () = = [2,6]

57. f(x) = lan(%x) [1,3]
58, flx) = cos Jx [0,2]

graphs of
oy Bx
o) =5,

x=0,x=4 and y = 0, as shown in the figure.
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(a) Redraw the figure, and complete and shade the rectangles
representing the lower sum when n = 4. Find this lower
sum.

(b) Redraw the figure, and complete and shade the rectangles
representing the upper sum when n = 4. Find this upper
sum.

(¢) Redraw the figure, and complete and shade the rectangles
whose heights are determined by the functional values at
the midpoint of each subinterval when n = 4. Find this sum
using the Midpoint Rule.

(d

—

Verify the following formulas for approximating the area of
the region using n subintervals of equal width.

Lower sum: s(n) = ‘glf{“ B l)ﬂ (2)
Upper sum; S(n) = :ilf [{‘-) g] (3)

Midpoint Rule: M(n) = ,-21 f[(f = %) 3] (3)

(¢) Use a graphing utility and the formulas in part (d) to com-
plete the table.

A s | 8 20 | 100 [ 200

i 5("'.)'_'
S(n) L 1
M(n) ,

(f) Explain why s(n) increases and S(n) decreases for increas-
ing n, as shown in the table in part (e).

- 60. Use a graphing utility to complete the table for approximations

of the area of the region bounded by the graphs of f(x) = ¥x,
x=0,x=28 andy = 0.

no | 10 20 50
- 2
() |
M(n) ‘

100 200




Approximation In Exercises 61 and 62, determine which
value best approximates the area of the region between the
x-axis and the graph of the function over the indicated interval.
(Make your selection on the basis of a sketch of the region and
not by performing calculations.)

61 flx) =4 - x% [0,2]

(a) —2 (b) 6 (c) 10 () 3 (e) 8
62. flx) = sin%, [0, 4]

(a) 3 (b) 1 (c) -2 () 8 @) 6

True or False? In Exercises 63 and 64, determine whether
the statement is true or false. If it is false, explain why or give
an example that shows it is false.

63. The sum of the first n positive integers is n(n + 1)/2.

64. 1If f is continuous and nonnegative on [a, b], then the limits as
n — oo of its lower sum s(n) and upper sum S(n) both exist and
are equal.

65. Monte Carlo Method The following program approxi-
mates the area of the region under the graph of a monotonic
function and above the x-axis between x = @ and x = b. Run
the program for a = 0 and b = 7/2 for several values of N2,
Explain why the Monte Carlo Method works.  (Adaptation of
Monte Carlo Method program, from James M. Sconyers,
“Approximation of Area Under a Curve,” MATHEMATICS
TEACHER 77, no. 2 (February 1984). Copyright © 1984 by
the National Council of Teachers of Mathematics. Reprinted
with permission. )

10 DEF FNF(X)=8IN(X)

20 A=0

30 B=1.870796

40 PRINT “Input Number of Random Points”
50 INFUT N2

60 N1=0

70 IF FNF(A)>FNF(B) THEN YMAX=FNF(A) ELSE

YMAX=FNF(B)

80 FOR I=1 TO N2

90 X=A+(B-A)*RND(1)
100 Y=YMAX*RND(1)
110 IF Y>=FNF(X) THEN GOTO 130

120 Ni=N1+1
130 NEXT1I
140 AREA=(N1/N2)*(B-A)*YMAX
150 PRINT “Approximate Area:”; AREA
180 END

66

Graphical Reasoning Consider an »-sided regular poly-
gon inscribed in a circle of radius r. Join the vertices of the
polygon to the center of the circle, forming n congruent trian-
gles (see figure).

(a) Determine the central angle @ in terms of n.

(b) Show that the area of each triangle is 3r2 sin 6.

(c) Let A, be the sum of the areas of the n triangles. Find
lim A,

H— o

67.

68.
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Figure for 66

Figure for 67

Writing Use the figure to write a short paragraph explaining
why the formula

142+ 4n=2nn+1)

is valid for all positive integers n.

Verify the formula

AT e

by showing the following.

(@) Q+iP—i3=32+3i+1
() -1+ m+1P= i[3£2+3i+ 1)

i=1

© iliz _ nln + __)é:ln_+__l)

n 69. Modeling Data The table lists the measurements of a lot

bounded by a stream and two straight roads that meet at right
angles, where x and y are measured in feet (see figure).

[ o | s0 [ 100 | 150
362 J 305 | 268

200 250 | 300

245 156 ! 0 |

y | 450

(a) Use the regression capabilities of a graphing utility to find
a model of the form

y=ax*+ bx> +cx + d.

(b) Use a graphing utility to plot the data and graph the model. \
(c) Use the model in pari (a) to estimate the area of the lot.

y
- Road

430
Stream

50100 150 200 250 300
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"LAB SERIES
PEXERCISES FOR SECTION 406 (RY

In Exercises 1-10, use the Trapezoidal Rule and Simpson’s Rule & In Exercises 25-28, use a symbolic differentiation utility and the

to approximate the value of the definite integral for the indi-
cated value of n. Round your answer to four decimal places and
compare the resuits with the exact value of the definite integral.

2 ng
l.jﬁdx, n=4 Z.I (—+1)dx, n=4
1] i) 2
7 21 -
S.J;.t-‘dx. n=4 4.J‘Ix—2dx, n=4
2 8
sfxur, n=28 G.J Yxde, n=8
0 0
3
7.fﬁdx, n==8 s.f{4~xljdx, n=4
1

J’fx l]2 =

H”' In Exercises 11-20, approximate the definite integral using the
Trapezoidal Rule and Simpson’s Rule with n = 4, Compare
these results with the approximation of the integral using a
graphing utility.

2 [ e

10. f_x Trids i=2
(1]

2
11. J. J1+ dx
(4]

1 T
H,J’ Jx 1 = xdx 14.[ Jx sin x de
0 w2
i e
15 f cos x? dx 16. j tan x* dx
0 0
1.1 w2
17. I sin x2dx 18. ’. 1+ cosxdy
1 0

w4
19.f xtan x dx
(4]

sin x

m-ff(x}fix, fl) =7 x
0 1, x=10

s x>0

In Exercises 21 and 22, use the error formulas in Theorem 4.19
to find the maximum possible error in approximating the
integral, with n = 4, using (a) the Trapezoidal Rule and (b)
Simpson’s Rule.

2 1
3 —
21.J;rdx 22.j +ldx

In Exercises 23 and 24, use the error formulas in Theorem 4.19
to find n such that the error in the approximation of the definite
integral is less than (.00001 using (a) the Trapezoidal Rule and
(b) Simpson’s Rule.

=i L
23. l;dx 24.J;l+xd.x

error formulas to find # such that the error in the approxima-
tion of the definite integral is less than 0.00001 using (a) the
Trapezoidal Rule and (b) Simpson’s Rule.

2 2
25, f V1 + xdx 26. J (x + 1)¥/3 dx
] 0

1 1
27. J’ tan x2 dx 28. j sin x? dx
0 (13

29, Prove that Simpson’s Rule is exact when approximating the
integral of a cubic polynomial function, and demonstrate the
result for

1
jx3dx, n=2
()

} 30, Write a program for a graphing utility to approximate a definite

integral using the Trapezoidal Rule and Simpson’s Rule. Start
with the program written in Section 4.3, Exercises 35-38, and
note that the Trapezoidal Rule can be written as

T(n) =3 [L(n) + R(n)]
and Simpson’s Rule can be written as
= 3 [T(n/2) + 2M(n/2)].

[Recall that L{n), M(n), and R(n) represent the Riemann sums
using the left-hand endpoint, midpoint, and right-hand endpoint
of subintervals of equal width.]

& In Exercises 31-34, use the program in Exercise 30 to approxi-

mate the definite integral and complete the table.

n | L) | Mn) | R(r) | T(n) | S(n)
4

8

10
12

16

20

4 1
31 j V2 + 3xdx 32. J- V1= x2dx
i} (1]

4 2 .

33. j sin /¥ dx 34. j S22

0 1 X

35. Area Usc Simpson’s Rule with #n = 14 to approximate
the area of the region bounded by the graphs of
y = \/./‘E‘C()s Ly=0x=0,andx = w/2,



36.

37.

38.

39.

&

Circumference The elliptic integral

/2
sﬁj V1= Zsin6do
0

i
gives the circumference of an ellipse. Use Simpson’s Rule with

n = 8 10 approximate the circumference.

Work To determine the size of the motor required to operate
a press, a company must know the amount of work done when
the press moves an object lingarly 5 feet. The variable force to
move the object is

Flx) = 100x/125 — &

where F is given in pounds and x gives the position of the unit
in feet. Use Simpson’s Rule with n = 12 to approximate the
work W (in foot-pounds) done through one cycle if

W= f Flx) dx.
(1]

Approximation of Pi Use Simpson’s Rule with n = 6 to
approximate m using the equation

i
4
1:'—-'[' l+x2dx.

(In Section 5.9, you will be able to evaluate this integral using
the inverse tangent function.)

Area To estimate the surface area of a pond, a surveyor takes
several measurements, as shown in the figure. Estimate the
surface area of the pond using (a) the Trapezoidal Rule and (b)
Simpson’s Rule.

201

The table lists several measurements gathered in an experiment
to approximate an unknown continuous function y = f(x).
Approximate the integral [; f(x)dx using (a) the
Trapezoidal Rule and (b) Simpson’s Rule.

I
x | 0.00 lLo.zsj 0.50 | 0.75 1.00
y |43 |a36 ] ass | 579 | 614
x| 125 [ 150 1.75 | 2.00
y | 725 | 764 | 808 | 814 |
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Area In Exercises 41 and 42, use the Trapezoidal Rule to esti-
mate the number of square meters of land in a lot where x and
y are measured in meters, as shown in the figures. The land is
bounded by a stream and two straight roads that meet at right
angles.

41 ,,:‘E,A*m)_’,__ ¥
0 | 125 150 Road
100 | 125 :
200 [ 120 /Stre.:m
45—|
300 | 112
40 | o0
500 90
600 | 05|
|7700 —‘88 ! W00 400 600 800 1000
_800 | 75 |
o0 35|
1000 | 0 |
42, x y ¥y
| 0 17
EEE “"
20 84 | &0
30 | 76 |
B LS
40 | 67 | 40
50 68 | 30 Road
60 [ 69 | 3 f
R
70 2 200 40 60 80 100 120
| 80 | 68 |
| %0 | 56
100 | 42
110 23
120 0

@ 43. Use Simpson's Rule with n = 10 and a symbolic integration
utility to approximate # in the integral equation

J sin xdx = 2.

a

44. Determine whether the Trapezoidal Rule overestimates or
underestimates a definite integral if the graph of the integrand
is (a) concave up and (b) concave down.

x
45, letL(x) =J “i-dffnrallx > 0.
1

(a) Find L(1).

(b) Find L ‘(x) and L ’(1).

(c) Use the Trapezoidal Rule to approximate the value of x (to
three decimal places) for which L{x) = 1.

(d) Prove that L(x,x;) = L{x;) + L{x3), for x, > 0 and
X, > 0.



